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SECTION A – ANSWER ALL QUESTIONS IN THIS SECTION (30 Marks) 

QUESTION ONE  

a) Define the following 

i. Metric Space (2 Marks) 

ii. Normed space and Banoch space (2 Marks) 

iii. Equivalent norms (2 Marks) 

b) Show that a subspace Y of a Banoch Space 𝑋 is complete if and only if 𝑌 is closed. 

 (5 Marks) 

c) Given an operator 𝑇: 𝑋 → 𝑌 defined by 𝑇𝑥 = 3𝑥. Show that T is linear. (3 Marks) 

d) Show that; 

i.   𝑥  −  𝑦 ≤  𝑥 − 𝑦  for all 𝑥, 𝑦, & 𝑋 (2 Marks) 

ii.   𝑥 −  𝑦  ≤  𝑥 + 𝑦  for all 𝑥, 𝑦, & 𝑋 (2 Marks) 

e) Show that every convergent sequence in a normed space is a Cauchy sequence. (5 Marks) 

f) If  𝑃𝑛  is a sequence of paranorms on a linear space 𝑋, then 

𝑃 𝑋 =  
1

2𝑛

𝑃𝑛(𝑋)

1 + 𝑃𝑛(𝑋)

∞

𝑛=1

 

             is a paranorm on X. (7 Marks) 

 

SECTION B – ANSWER ANY TWO QUESTIONS IN THIS SECTION 

 

QUESTION TWO (20 MARKS) 

a) Show that a norm on 𝑋 defines a metric on 𝑋 given by 𝑑 𝑥, 𝑦 =  𝑥 − 𝑦  (6 Marks) 

b) Proof the equivalent norms theorem which states that on a finite dimensional vector space 

𝑋, any norm  ∙  is equivalent to any other norm  ∙  (7 Marks) 

c) Proof that 𝑇𝑥 =
1

𝑥
 is not uniformly continuous on interval (0,1) (7 Marks) 

 

QUESTION THREE (20 MARKS) 

a) Show that 𝑓 𝑥 =  𝑥 𝑡 𝑑𝑡, 𝑥 ∈ [𝑎, 𝑏]
𝑏

𝑎
 is linear and bounded functional on 𝐶[𝑎, 𝑏] the set 

of continuous real valued functions on [𝑎, 𝑏] (7 Marks) 

b) Let 𝑋 = 𝐶 be the space of all convergent sequences, show that  𝑥  is a norm on C where 

 𝑥 =    𝑋𝑛  𝑝∞
𝑛=1  𝑝 is a norm. (7 Marks) 

c) Let 𝑇: 𝐷(𝑇) → 𝑌 be a linear operator where 𝐷 𝑇 𝐶𝑋 and 𝑋, 𝑌 be normed spaces. Show that 

𝑇 is continuous if and only if T is bounded. (6 Marks) 
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QUESTION FOUR (20 MARKS) 

a) Define an inner product space. (3 Marks) 

b) Show that the space 𝐶𝑛  (unitary space) with the function <, > defined for arbitrary vectors 

𝑊 =  𝑤1, 𝑤2, ⋯𝑤𝑛  𝑍 = 𝑧1, 𝑧2, ⋯ 𝑧𝑛  in 𝐶𝑛  by < 𝑤, 𝑧 >=  𝑤𝑖𝑧 𝑖
𝑛
𝑖=1  is an inner product. 

 (5 Marks) 

c) Show that an inner product on a space 𝐸 defines a norm on 𝐸 given by  𝑥 =  < 𝑥, 𝑥 > 

 (7 Marks) 

d) If in an inner product space 𝑥𝑛 → 𝑥 𝑎𝑛𝑑 𝑦𝑛 → 𝑦 𝑡ℎ𝑒𝑛 𝑠ℎ𝑜𝑤 𝑡ℎ𝑎𝑡 < 𝑥𝑛 , 𝑦𝑛 >→< 𝑥, 𝑦 > 

 (5 Marks) 

 

QUESTION FIVE (20 MARKS) 

a) Show that a compact subject 𝑀 of a metric space is closed and bounded. (6 Marks) 

b) If a normed space 𝑋 has the property that the closed unit ball 𝑀 =  𝑥  𝑥  ≤ 𝑦  is 

compact, show that 𝑋 is finite dimensional. (7 Marks) 

c) Let 𝑋, 𝑌 be vector spaces, both real or both complex. Let 𝑇: 𝐷(𝑇) → 𝑌 be a linear operator 

with domain 𝐷 𝑇 𝐶𝑋 and range 𝑅 𝑇 𝐶𝑌. Then show that; 

i. The inverse 𝑇−1: 𝑅 𝑓 → 𝐷 𝑇 exists if and only if 𝑇𝑥 = 0 → 𝑥 = 0 (4 Marks) 

ii. If 𝑇−1 exists it is a linear operator. (3 Marks) 

 


