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SECTION A – ANSWER ALL QUESTIONS IN THIS SECTION (30 Marks) 

QUESTION ONE  

a) Differentiate between a parameter and a statistic as used in sampling theory. (2 Marks) 

b) Let 𝑥1, 𝑥2, ⋯ , 𝑥𝑛  be random variables each with mean μ and standard deviation 𝜎 > 0. 

Assume that each pair of 𝑥𝑖 , 𝑥𝑗  of random variables with 𝑖 ≠ 𝑗 is uncorrelated. Let 

𝑆2 =
1

𝑛
  𝑥𝑖 − 𝑋  2

𝑛

𝑖=1

 

be the sample variance. Show that 𝐸 𝑆2 ≠ 𝜎2 (5 Marks) 

c) A random sample of size 10 is taken from a normally distributed population with unknown 

variance. The sample mean 𝑋  and standard deviations are given by 38.4 and 5.5. Calculate 

the 98% confidence interval for the variance  𝜎2 . (4 Marks) 

d) Let 𝑥1, 𝑥2, ⋯ , 𝑥𝑛  be a random sample size 𝑛 taken from a probability distribution where 𝑆2 

is the population variance  𝜎2 > 0 . Show that 𝐸 𝑆2 =
𝑛−1

𝑛
𝜎2. (4 Marks) 

e) State and prove the weak law of large numbers. (5 Marks) 

f) Let 𝑥1, 𝑥2, ⋯ , 𝑥𝑛  be a sample from a normal population with mean μ and variance 𝜎2. 

Show that the variable 
𝑛−1

𝜎2 𝑆2 has a chi-square distribution with 𝑛 − 1 degrees of freedom.

 (5 Marks) 

g) Let 𝑋 be a continuous random variable with the following p.d.f. 

𝑓 𝑥 =  5𝑥
4      𝑓𝑜𝑟 0 < 𝑥 < 1

0            𝑂𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒   
  

i. Find the probability density function of 𝑌 = 𝑋3 (3 Marks) 

ii. Determine 𝑃(
1

3
< 𝑦 < 2) (2 Marks) 

SECTION B – ANSWER ANY TWO QUESTIONS IN THIS SECTION 

 

QUESTION TWO (20 MARKS) 

a) Let 𝑥1, 𝑥2, 𝑥3, 𝑥4 be four independent sample observations of Poisson distribution with 

parameter θ. Show that 

𝑇 =
3𝑥1 + 2𝑥2 + 3𝑥3 + 2𝑥4

10
 

is unbiased estimator of θ. (3 Marks) 

b) The joint density of 𝑋1 and 𝑋2 is given by 

𝑓 𝑥1, 𝑥2 =  6𝑒
−3𝑥1−2𝑥2  ,    0 < 𝑥1, < 𝑥2, 0 < 𝑥2 < ∞

0                                𝑂𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒                
  

Find the density function of 𝑌 where 𝑌 = 𝑋1 + 𝑋2 by distribution function technique. 

  (6 Marks) 

c) A population consists of the five numbers 2,3,6,8 and 11. Consider all the possible samples 

of size two which can be drawn with replacement from this population. Find; 
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i. The mean of the population. (1 Mark) 

ii. The standard deviation of the population. (3 Marks) 

iii. The mean of the sampling distribution of the mean. (4 Marks) 

iv. The standard deviation of the sampling distribution of the means. (3 Marks) 

 

QUESTION THREE (20 MARKS) 

a) State and prove the central limit theorem for independent and identically distributed 

random variables. (9 Marks) 

b) The time taken to complete a certain test is assumed to be normally distributed with a mean 

μ and variance 𝜎2. A random sample of size 15 is taken and the following observed. 119.2, 

128.9, 112.8, 120.9, 91.1, 115.3, 111.9, 92.0, 181.5, 123.6, 146.2, 99.0, 131.7, 141.7 and 

114.9. Find the 90% confidence interval for the variance. (5 Marks) 

c) A random sample of 16 value form a normal population showed a mean of 41.5cm and the 

sum of squares of the deviations from this mean equal to 125cm
2
. Obtain the 95% and 99% 

confidence limits for the population mean. (6 Marks) 

 

QUESTION FOUR (20 MARKS) 

a) Let 𝑥1, 𝑥2, ⋯ , 𝑥𝑛  be random variables distributed normally and independently with mean 𝜇𝑖  

and variance  𝜎2  where 𝑖 = 1,⋯ , 𝑛. Show that 

𝑈 =   
𝑥𝑖 − 𝜇𝑖

𝜎
 

2
𝑛

𝑖=1

 

has a Chi-square distribution with 𝑛 degrees of freedom. (6 Marks) 

b) Let 𝑈1 and 𝑈2 be independent random variables where 𝑈1 has a Chi-square distribution 

with  2 degrees of freedom. Derive the probability distribution of the random variable 

𝐹 =

𝑈1

 1
𝑈2

 2

  

 (14 Marks) 


